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Disclaimer

This theorem-sequence is an adaptation of the analysis notes by W. Ted Mahavier published by The Journal
of Inquiry Based Learning in Mathematics. The published original version of the notes can be found here.
The author has been gracious enough to grant me access to the source of these notes, so that we can modify
and tweak for our needs if necessary. Every attempt will be made on my part to maintain the integrity of
these notes and any intentional modifications or additions to the notes will be clearly indicated. Any new
errors introduced are no one’s fault but my own. In this vein, if you think you see an error, please inform
me, so that it can be remedied.

3 Differentiability

As with continuity, we offer three equivalent definitions of derivative, one geometric, topological, and one
analytical.

Definition 3.1. The non-vertical line L is tangent to the function f at the point P = (x, y) means
that:

1. x is a limit point of the domain of f ,

2. P is a point of L, and

3. if A and B are non-vertical lines containing P with the line L between them (except at P ), then there
are two vertical lines H and K with P between them such that if Q is a point of f between H and K
which is not P , then Q is between A and B.

In the previous definition we write that we have three distinct lines, A,B, and L with L between A and
B (except at P ). By this we mean that for any point l on L (except P ) there is a point a on A and a point
b on B so that either a is below l which is below b or that b is below l which is below a.

Definition 3.2. If f is a function, then the statement that f has a derivative at the number a in the
domain of f means that f has a non-vertical tangent line at the point (a, f(a)). We use the notation f ′(a)
to denote the slope of the line tangent to f at the point (a, f(a)) and f ′(a) is called the derivative of f at
a.

Definition 3.3. If f is a function, the statement that f has derivative D at the number x in the domain
of f means that

1. x is a limit point of the domain of f , and

2. if S is an open interval containing D, then there is an open interval T containing x such that if t is a
number in T and in the domain of f and t 6= x, then

f(t)− f(x)

t− x
∈ S.

As an alternative to this definition:

Definition 3.4. If f is a function, the statement that f has derivative D at the number x in the domain
of f means that

1. x is a limit point of the domain of f , and

2. if ε is a positive number, then there is a positive number δ such that if t is in the domain of f and

|t− x| < δ then

∣∣∣∣f(t)− f(x)

t− x
−D

∣∣∣∣ < ε.

Problem 3.5. Use any of the definitions of derivative to show that if f(x) = x2 + 1 then f ′(3) = 6.
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Problem 3.6. Use the definition of tangent to show that if f is a function whose domain includes (−1, 1),
and for each number x in (−1, 1), −x2 ≤ f(x) ≤ x2, then the x-axis is tangent to f at the point (0, 0).

Problem 3.7. Use any of the definitions of derivative to show that if f is a function whose domain includes
(−1, 1) and for each number x in (−1, 1), −x2 ≤ f(x) ≤ x2, then the derivative of f at the point (0, 0) is 0.

Theorem 3.8. If f is a function, and x is in the domain of f , then f does not have two tangent lines at
the point (x, f(x)).

Definition 3.9. If f is a function which has a derivative at some point, then the derivative of f is the
function denoted by f ′, such that for each number x at which f has a derivative, f ′(x) is the derivative of
f at x.

Definition 3.10. If M is a point set, then the closure of M is the set consisting of M together with any
limit points of M . It is denoted by Cl(M) or by M .

Theorem 3.11. If M is a point set then Cl(M) is a closed point set.

From this point forward we may use R to represent the set of real numbers and Df to denote the domain
of f.

Theorem 3.12. Suppose that f is a function that is differentiable at the point p and that c ∈ R. Show that
the function g defined by g(x) = cf(x) for all x ∈ Df is also differentiable at the point p.

Theorem 3.13. Suppose that each of f and g are functions that are differentiable at the point p and that
h is the function defined by h(x) = f(x) + g(x) for all x ∈ Df . Show that h is also differentiable at the point
p.

Theorem 3.14. If f is a function, x is in the domain of f , and f has a derivative at (x, f(x)), then f is
continuous at (x, f(x)).

Theorem 3.15. If f is a function, Df ⊆ [a, b], x ∈ (a, b), f(x) ≥ f(t) for all t ∈ (a, b), and f has a derivative
at x, then f ′(x) = 0.

Problem 3.16. Does there exist a function f defined and continuous on [0, 1] such that f(0) = 0 and
f(1) = 1 and f ′(x) = 0 at all but countably many points of [0, 1]?

We can’t prove everything we need, but at this point, you could prove that all polynomials are differen-
tiable. You could also prove all the theorems about differentiability: the power rule, constant rule, sum rule,
product rule, and quotient rules.
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