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Disclaimer

This theorem-sequence is an adaptation of the analysis notes by W. Ted Mahavier published by The Journal
of Inquiry Based Learning in Mathematics. The published original version of the notes can be found here.
The author has been gracious enough to grant me access to the source of these notes, so that we can modify
and tweak for our needs if necessary. Every attempt will be made on my part to maintain the integrity of
these notes and any intentional modifications or additions to the notes will be clearly indicated. Any new
errors introduced are no one’s fault but my own. In this vein, if you think you see an error, please inform
me, so that it can be remedied.

2 Continuity

It is quite common for mathematicians to come up with more than one definition for a concept. Two
definitions are said to be equivalent if a mathematical object satisfying either one of the definitions must
also satisfy the other. The following are three equivalent definitions for continuity, one geometrical, one
topological (based on open intervals), and one analytical (probably similar to one you saw in a calculus
course).

You might review Definitions 1.25 and 1.26 and the discussion following these definitions before reading
the next definition.

Definition 2.1. The statement that the function f is continuous at the point p = (x, y) means that

1. p is a point on f , and

2. if H and K are any two horizontal lines with p between them, then there are two vertical lines, h and
k with p between them so that if t is any point in the domain of f between h and k, then (t, f(t)) is
in the rectangle bounded by h, k,H, and K.

Definition 2.2. The statement that the function f is continuous at the point p = (x, y) means that

1. p is a point on f , and

2. if S is any open interval containing the number f(x), then there is an open interval T containing the
number x such that if t ∈ T , and t is in the domain of f , then f(t) ∈ S.

Definition 2.3. The statement that the function f is continuous at the point p = (x, y) means that

1. p is a point on f , and

2. if ε is any positive number, then there is a positive number δ so that if t is in the domain of f and
|t− x| < δ, then |f(t)− f(x)| < ε.

Definition 2.4. The statement that the function f is continuous at the number x means that x is in the
domain of f and f is continuous at the point (x, f(x)).

Definition 2.5. The statement that f is a continuous function means that f is a function which is
continuous at each of its points.

Problem 2.6. Let f be the function such that f(x) = 2 for all numbers x > 5, and f(x) = 1 for all numbers
x ≤ 5.

1. Show that f is not continuous at the point (5, 1).

2. Show that if t is a number and t > 5, then f is continuous at (t, 2).

Problem 2.7. Show that if f is a function and (x, f(x)) is a point on f , and x is not a limit point of the
domain of f , then f is continuous at (x, f(x)).

Problem 2.8. Let f be the function such that f(x) = x2 for all numbers x. Show that f is continuous at
the point (2, 4).
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Problem 2.9. If f is a function which is continuous on [a, b] and x ∈ (a, b) such that f(x) > 0 then there
exists an open interval, T , containing x such that f(t) > 0 for all t ∈ T .

Theorem 2.10. If f is a function and x1, x2, x3, . . . is a sequence of points in the domain of f converging to
the number x in the domain of f , and f is continuous at (x, f(x)), then f(x1), f(x2), . . . converges to f(x).

The converse of this statement is that if f is a function so that for every sequence x1, x2, x3, . . . in the
domain of f converging to a point x we have that f(x1), f(x2), . . . converges to f(x) then f is continuous
at x. This gives us a fourth equivalent definition for continuity of a function.

Definition 2.11. We say that a function f is continuous at the point x if and only if for every sequence
p1, p2, p3, . . . in the domain of f converging to x we have that f(p1), f(p2), . . . converges to f(x).

Definition 2.12. If f and g are functions and there is a point common to the domain of f and the domain
of g, then f + g denotes the function h such that for each number x in the domain of both of f and g,
h(x) = f(x) + g(x).

Theorem 2.13. If each of f and g is a function, x is a point in the domain of each of f and g, f is continuous
at the point (x, f(x)), g is continuous at the point (x, g(x)), and h = f + g, then h is continuous at the point
(x, h(x)).

Note 2.14. We can’t prove everything in the given time, but we’ll assume additional theorems as needed
about continuity. For example we’ll assume that under appropriate conditions, the product, quotient, and
composition of continuous functions are continuous and that all polynomials are continuous.

Theorem 2.15. Suppose f and g are functions having domain M and each is continuous at the point p in
M . Suppose that h is a function with domain M such that f(p) = h(p) = g(p) and for each number x in M ,
f(x) ≤ h(x) ≤ g(x). Prove h is continuous at p.

Theorem 2.16. (CA) If I1, I2, I3, . . . is a sequence of closed intervals such that for each positive integer n,
In+1 ⊆ In, then there is a point p such that if n is any positive integer, then p is in In. In other words, there
is a point p which is in all the closed intervals of the sequence I1, I2, I3, . . . .

Theorem 2.17. (CA) If I1, I2, I3, . . . is a sequence of closed intervals so that for each positive integer n,
In+1 ⊆ In, and the length of In is less than 1

n , then there is only one point p such that for each positive
integer n, p ∈ In.

Theorem 2.18. If f is a continuous function whose domain includes the closed interval [a, b] and there is a
point x in [a, b] so that f(x) is greater than or equal to zero, then the set of all numbers x ∈ [a, b] such that
f(x) ≥ 0 is a closed point set.

Theorem 2.19. If f is a continuous function whose domain includes a closed interval [a, b] and p ∈ [a, b],
then the set of all numbers x ∈ [a, b] such that f(x) = f(p) is a closed point set.

Definition 2.20. The statement that the point sets H and K are disjoint or mutually exclusive means
that they have no point in common.

Theorem 2.21. (CA) No closed interval is the union of two mutually exclusive closed point sets.

Problem 2.22. (CA) If f is a function with domain the closed interval [a, b] and the range of f is {−1, 1},
then there is a number x in [a, b] at which f is not continuous.

Theorem 2.23. (CA) Let f be a continuous function whose domain includes the closed interval [a, b]. If
f(a) < 0 and f(b) > 0, then there is a number x between a and b such that f(x) = 0.

Theorem 2.24. If f is a continuous function whose domain includes a closed interval [a, b], and L is a
horizontal line, and (a, f(a)) is below L, and (b, f(b)) is above L, then there is a number x between a and b
such that (x, f(x)) is on L.
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