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Instructions

Carefully read the directions that are in bold on the following page. You may use any any of the theorems
on the next page to prove any of the other theorems (even the ones that you do not prove). However, your
proofs may not be circular. That is, you cannot use Theorem X in the proof of Theorem Y and then use
Theorem Y in the proof of Theorem X.

This exam is worth 100 points and 15% of your overall grade. You are required to complete 6 proofs on the
following page and each proof is worth 15 points. Your written presentation of the proofs (which includes
spelling, grammar, punctuation, clarity, and legibility) is worth the remaining 10 points.

I expect your proofs to be well-written, neat, and organized. You should write in complete sentences. Do
not turn in rough drafts. What you turn in should be the “polished” version of potentially several drafts.
Feel free to type up your final version.

The LATEX source file of this exam is also available if you are interested in typing up your solutions using
LATEX. I’ll help you do this if you’d like.

The simple rules for the exam are:

1. You may freely use any theorems that we have discussed in class, but you should make it clear where
you are using a previous result and which result you are using. For example, if a sentence in your
proof follows from Theorem 1.41, then you should say so.

2. Unless you prove them, you cannot use any results from the course notes or otherwise that we have
not covered.

3. You are NOT allowed to copy someone else’s work.

4. You are NOT allowed to let someone else copy your work.

5. You are allowed to discuss the problems with each other and critique each other’s work.

The exam is due by 11:15am on Friday, November 19. You should turn in this cover page and all of the
work that you have decided to submit.

To convince me that you have read and understand the instructions, sign in the box below.

Signature:

Good luck and have fun!
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Definition 1. Let f be a function. Then we say that the limit of f(x) as x approaches p is L and write

lim
x→p

f(x) = L

if for every ε > 0, there exists δ > 0 such that if 0 < |x − p| < δ, then |f(x) − L| < ε. Otherwise, we say
that the limit does not exist.

Prove any two of the following five theorems.

Theorem 2. Let f be a function with p in the domain of f . If lim
x→p

f(x) = f(p), then f is continuous at p.

Theorem 3. Let f be a function. Then lim
x→p

f(x) = L iff for every sequence p1, p2, p3, . . . converging to p,

f(p1), f(p2), f(p3), . . . converges to L.∗

Theorem 4. Let f and g be two functions such that on some open interval I, f(x) = g(x) for all x ∈ I,
except possibly at some p ∈ I. Also, suppose that both limx→p f(x) and limx→p g(x) exist. Then

lim
x→p

f(x) = lim
x→p

g(x).

Theorem 5. Let f be a function and let p be a point in the domain of f . If

lim
h→0

f(p+ h)− f(p)

h
= D,

then f ′(p) = D.

Theorem 6. Let f(x) = x sin

(
1

x

)
. Then lim

x→0
f(x) = 0.

Prove any one of the following two theorems.

Theorem 7. Let f and g be continous functions such that the range of g is a subset of the domain of f .
Then the composite function f ◦ g is continuous at each point in the domain of g.

Theorem 8. If f is a function, x is in the domain of f , and f has a derivative at (x, f(x)), then f is
continuous at (x, f(x)).†

Prove any two parts of the following theorem.

Theorem 9. Suppose that f and g are functions that have derivatives at p and let c be a real number.
Then each of the following functions has a derivative at p.‡

(a) y = cf(x),

(b) y = f(x) + g(x),

(c) y = f(x)g(x),

(d) y =
f(x)

g(x)
, as long as g(p) 6= 0.

Prove the following theorem.

Theorem 10. Let f(x) = |x|. Then f ′(0) does not exist.

∗It may or may not be the case that p is in the domain of f and even if it is, we may or may not have f(p) = L.
†This is Theorem 3.14.
‡Part (a) is Theorem 3.12 and part (b) is Theorem 3.13. Also, notice that we are not making any claims about what the
derivatives are, but rather that they exist.
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