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Lab 3: Related Rates

Names:

Directions

In groups of 2–4 (I do not want anyone working alone), answer each of the following questions in the space
provided. You only need to turn in one lab per group (make sure you put everyone’s name on this sheet).
The lab is due on Friday, October 29 and is worth 10 points.

Goal

In this section, we will learn how to solve related rates problems using implicit differentiation. This lab
covers the material in Section 6.2 of our textbook.

The basics

Suppose that two variables, say x and y (but they could be something else), are both functions of time. A
related rates problem is a problem in which we know one of the rates of change at a given instant, say dy/dt,
and we want to find the other rate dx/dt.

Before we tackle any word problems, let’s remind ourselves of the key ideas involved with implicit differen-
tiation, which will play a pivotal role in solving related rates problems.

Exercise 1. Compute the following derivatives. Pay special attention to what variable we are differentiating
with respect to.

(a) We see that
d

dx
[x2] = .

(b) Assume that y is a differentiable function of x. Then
d

dx
[y2] = .

(c) Assume that x is a differentiable function of t. Then
d

dt
[x2] = .

(d) Assume that y is a differentiable function of t. Then
d

dt
[y2] = .

Guidelines for solving related rates problems

The following are some guidelines for solving word problems that involve related rates.

1. If possible, draw a picture. If a quantity changes over time, label with a variable. If a quantity is
fixed over time, label with the appropriate constant. Warning: Only label quantities with constants
if they are actually constant over time!

2. Most problems refer to some specific moment in time. Identify all given quantities and all quantities
to be determined (including rates) for this moment in time. Remember that rates are derivatives and
you can recognize them when they are in units of blah per units of time.
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3. Write an equation involving the variables whose rates of change are given or are to be determined.
Common things to deal with are area, volume, trig, Pythagorean theorem, similar triangles, etc.

4. Take d/dt of both sides.

5. Substitute in known values (including rates), then solve for desired quantity or rate.

Important Note 2. All rates are derivatives and you can recognize rates in a word problem when their
units are given as “units per units.”

Exercises

Let’s try a few problems. They get harder as we go on. I’ll help you when you get stuck.

Exercise 3. Suppose x and y are differentiable functions of t and are related by y = x2 − 1. Find dy/dt
when x = 2 given that dx

dt

∣∣
x=2

= 3.

Solution. There isn’t a picture to draw and we are already given an equation that relates the relevant
variables, namely y = x2 − 1. Here is a summary of the given information and what we need to find.

x = 2

dx

dt

∣∣
x=2

= 3

dy

dt

∣∣
x=2

= ?

The next step is to take the derivative of both sides of y = x2 − 1. We see that

d

dt
[y] =

d

dt
[x2 − 1]

= .

This implies that at x = 2 we can substitute our values from earlier into our equation immediately above
and obtain

dy

dx

∣∣
x=2

= 2 · = units of y per units of x.

Exercise 4. A nugget is dropped into a calm pond, causing concentric circles. The radius of the outer
ripple is increasing at a rate of 2 ft/sec. When the radius is 3 feet, at what rate is the total area of the outer
ripple changing?

Solution. Complete the following steps.

1. Draw a picture of the outermost circle. Label the radius of this circle with r.

2. What is the equation for the area of a circle of radius r?
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3. What information is given and what rate to we need to find?

4. Take
d

dt
of both sides of the equation from step 2.

5. Substitute in the given information, simplify, and label your answer with appropriate units. (Give an
exact answer, i.e., don’t give a decimal approximation.)

Exercise 5. A spherical nugget is being inflated with air, so that the volume is increasing at a rate of 3
cubic meters per minute. Find the rate of change of the radius when the radius is 5 meters.

Hints: Mimic the previous example.
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Exercise 6. A hot-air nugget is rising at a rate of 15 ft/sec when the nugget is 100 ft off the ground. A
photographer is standing on the ground 100 feet from the take-off site. If the photographer keeps the nugget
in sight, what is the rate of change in the photographer’s angle of elevation when nugget is 100 feet off the
ground?

Hints: To simplify things, assume that the angle of elevation of the camera is situated on the ground at the
feet of the photographer (otherwise, we would have to know how high off the ground the camera is). In your
picture, remember to label things that are constant over time with constants and things that change over
time with variables. You’ll need to use an appropriate trig function on this problem. This problem is more
challenging than the previous ones because you’ll need to use the given information to find the angle at the
moment in time when the nugget is 100 feet off the ground.
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Exercise 7. A nugget is flying on a flight path 3 miles above the ocean that will take it directly over an
island. If the distance between the nugget and island is decreasing at a rate of 200 mph when the distance
between them is 5 miles, what is the velocity (in mph) of the nugget?

Hints: As with the previous examples, you will need to draw a picture where you label constant distances
with the appropriate constants and those quantities that change over time with variables. I suggest using the
Pythagorean Theorem on this problem. Since the distance between the nugget and the island is decreasing,
the corresponding derivative should be negative. Like the previous problem, you have to do a little extra
work to find all of the necessary information. Hint: What is the distance between the point directly below
the nugget on the water and the island when the straight line distance between the nugget and the island is
5 miles?
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